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Abstract. We obtain expressions for the vacuum expectations of the 
energy-momentum tensor of the scalar field with an arbitrary coupling 
to the curvature in an TV-dimensional homogeneous isotropic space 
for the vacuum determined by diagonalization of the Hamiltonian. 
We generalize the n-wave procedure to ^-dimensional homogeneous 
isotropic space-time. Using the dimensional regularization, we investi- 
gate the geometric structure of the terms subtracted from the vacuum 
energy-momentum tensor in accordance with the n-wave procedure. 
We show that the geometric structures of the first three subtractions 
in the n-wave procedure and in the effective action method coincide. 
We show that all the subtractions in the n-wave procedure in a four- 
and five-dimensional homogeneous isotropic spaces correspond to a 
renormalization of the coupling constants of the bare gravitational 
Lagrangian. 
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1. Introduction 

Quantum field theory in a curved space-time is intensively developed 
since the 70s of the last century (see books PP, j2J) and has important appli- 
cations to the cosmology and astrophysics. In particular, the particle creation 
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from the vacuum by a gravitational field can be used to explain the observed 
density of the visible and dark matter [3| . There exist models explaining the 
observed acceleration of the expansion of the Universe by effects of quantum 
field theory in a curved space [I]. 

In investigating the effect of a quantized field on the space-time metric, it 
is necessary to evaluate the vacuum expectations of the energy-momentum 
tensor (EMT), which are sources of the gravitational field in accordance with 
the semiclassical approach. Because the vacuum expectations of the EMT 
are represented by divergent expressions, renormalization is required. There 
exist different methods for eliminating divergences of the vacuum EMT (see 
the reviews in and [2]). The n-wave procedure, proposed in [S], and the 
equivalent subtraction scheme jS], called the adiabatic regularization, are 
widely used for homogeneous isotropic spaces. They have been used in a 
great number of calculations (see jT], [2] for the scalar field with the confor- 
mal coupling to curvature and see, e.g., [7j, [S] for an arbitrary coupling). 
Rigorously justifying the expressions obtained for the vacuum EMT requires 
interpreting the relevant subtraction schemes in terms of renormalized con- 
stants of the bare Lagrangian. For the scalar field with an arbitrary coupling 
to curvature, the geometric structure of infinite subtractions in the adiabatic 
procedure in a homogeneous isotropic space was established in |^]. But the 
geometric structure of finite counterterms and their interpretation in terms of 
renormalization have remained unexplored. For a space-time with flat spatial 
sections, the complete geometric structure of the counterterms in the n-wave 
procedure was determined using the dimensional regularization in [TO], fllj ■ 
In |TT], it was shown that all the subtractions in the n-wave procedure in 
the four-dimensional spase-time with flat spatial sections correspond to a 
renormalization of the constants of the bare dimensionally regularized grav- 
itational Lagrangian. 

This work is devoted to investigating the geometric structure of countert- 
erms in the n-wave procedure for nonflat spatial sections and to comparing 
it with the results obtained from the dimensionally regularized effective ac- 
tion. We note that calculations for the iV-dimensional space-time that are 
required for performing the dimensional regularization in this work can also 
be of independent interest for investigating quantum theory effects in curved 
space-time in higher-dimensional models. 

In this work, we consider the complex scalar field with an arbitrary cou- 
pling to the curvature in the N- dimensional space-time with homogeneous 
isotropic spatial sections. In Sec. 2, we describe the geometric structure of the 
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expressions subtracted from the vacuun EMT in the effective action method. 
In Sec. 3, we obtain the expressions for the vacuum expectations of the EMT 
in the homogeneous isotropic space for the vacuum defined in accordance 
with the Hamiltonian diagonalization method. In Sec. 4, we generalize the 
n-wave procedure for the iV-dimensional homogeneous isotropic case and give 
the first three counterterms, which exhaust all counterterms in dimensions 
iV = 4, 5. Using dimensional regularization, we investigate the geometric 
structure of the n-wave procedure counterterms. In Sec. 5, the main re- 
sults of the work are formulated. In Appendix A, we give some formulas for 
eigenfunctions of the Laplace-Beltrami operator in the (N — l)-dimensional 
space of constant curvature used to calculate the vacuum expectations of the 
EMT. In Appendix B, we give expressions for the geometric quantities in the 
N- dimensional homogeneous isotropic space-time encountered in this work. 

We use the system of units where h = c = 1. The signs of the curvature 
tensor and the Ricci tensor are chosen such that R l j ki = diY l - k — <9fcT* 7 + 
r^r" fc — r^T"; and R ik = R uk > where r*- fc are Christoffel symbols. 

2. Geometric structure of counterterms in 
the effective action method 

We consider a complex scalar field f(x) of mass m with the equation of 
motion 

(V*V, + £i? + m 2 Mx) = 0, (1) 
that corresponds to the Lagrangian 

Hx) = y/te\[ sfdifdw - (m 2 + £R) (p*<p ] , (2) 

where V« are covariant derivatives corresponding to the metric g^, g = 
det(^fc), R is the scalar curvature, and £ is the coupling constant to the 
curvature. In the space-time of dimension iV with £ = £ c = (N — 2)/ [ 4 (N — 
1)] (the conformal coupling) and m — 0, Eq. (JIJ is conformally invariant 
(& = 1/6 for N = 4). 

The metric EMT, obtained by varying the action with respect to the 
metric, is given by (see [12]) 

T ik = diip*d k (p+d k (p*di(p-g ik \g\~ 1/2 L(x)-2£(R ik +ViVk-gikV J Vj)^ (3) 
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Expressions for the vacuum expectations of the EMT are devergent. In a 
space-time with a metric of the general form, it is convenient to analyze the 
geometric structure of the divergences using the dimensionally regularised 
effective action. For the complex scalar field <p(x) with the equation of mo- 
tion ((TJ), the one- loop effective action can be written as (see 0, [T3] ) 



where 



S eff = / L e ff(x)J\g\d x, (4) 



J eff 



X 



ao(x) = l, a 1 (x) = (^-AR, (6) 

«,(») = ^ W"--^fl im fl'--iQ-«)VV,i i+ i(i- 5 )V, (7) 

iV is the space-time dimension, which is considered as variable analytically 
continued into the complex plane, e is a complex parameter, M is a constant 
with the dimension of mass pi] introduced to preserve the standard dimen- 
sion (length) of L e ff in the case N = Nq — 2e, and T(z) is the Gamma 
function. 

The first [Nq/2] + 1 terms in are to be eliminated to obtain the renor- 
malized Lagrangian L e ff ([b] denotes the integer part of b). Varying the 
effective action terms corresponding to j — 0, 1 with respect to go-, we ob- 
tain the terms subtracted from the vacuum EMT, 

T ^[0] = -7T7v737^ — H r(e--£) lto , (8) 



2 N 07r N /2 y m 2 j y 2 



m^ 2 /47rM 2 \ £r '' J A 



2N -l n N /2 I m 



2 



r 3-f / ^ 

■ Af r(i — 



3(JV-l)(iV-2) V 2 



(9) 



where = i?^ — Rg^j2 is the Einstein tensor and A£ = £ c — £. 
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We find the term Ti k}£ [2], corresponding to subtraction of the term with 
j = 2 from L e ff. To analysis the case of homogeneous isotropic spaces, it is 
convenient to rewrite (jZJ as 



a 2 [x) 



N 6 TDlmpq A r> r> Im , r>2\ , (N ^)ClmpqC ' lmpq 

-{■tilmpq-ti ™—*iKl m K +K ) + 



720(iV-3) 



2A0{N - 3) 
(JV-4)(iV-6) , A£(4-iV) (A£) 5 



+ 



480(iV-l) 2 12(JV-1 



where 



r -P | 2 f p „ p „ \ 2R g ili g k] 

^iklm — ttiklm + jy_2 I n m[i 9k]l ~ J^l[i9k]m I + (jy_- 



(JV-l)(iV-2) 



i? 2 , (10) 



(11) 



is the conformal Weyl tensor and the square brackets in subscripts denote 
antisymmetrization: A n[i B k]m = (A ni B km - A nk B im )/2. Using flTUJ) and vary- 
ing the effective action term corresponding to j = 2 with respect to g ik , we 
obtain T^ )£ [2] in the form 



Ti k , £ [2} 



+ 



+ A£ 



360 (N- 3) 

r(3-f) 



m jv -4 /4 n M 2 \ £ UN-6)E ik / N\ t {N-2)W lk 
(4vr)^ V ™ 2 ' 360fiV-3) V 2 

r(4-f) 

60 {N -If 



3(iv- r 



(A0 2 r 2- 



120(JV-3) 



■r Ia -f 1+ 



(12) 



where 



5(R 2 J\g\d N x , \ / 1 

^H ik = J = 2(v i V k R-g ik V l V l R)+2R(R ik --Rg ik 



= -1= A j(R lmpq R lm ™ - AR lm R lm + i? 2 ) v^^x , 



O 5^ J C lmpqC lmPq \f\g\d N X 



In the four- dimensional space-time, = because 
5 



■ J (R lmpq R lmpq - AR lm R lm + R 2 ) yj\g\ d A x = 



(13) 

(14) 
(15) 

(16) 
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in accordance with the Gauss-Bonnet theorem. Using pip. (|T3|) and the 
formulas 

*9~ 



^H tk = —J R lm R lm J\g]d N x = V t V k R - V%R lk 



- (v'V,i2 + R lm R lm ) g ik + 2R lm R limk , (17) 
S 



H ik = ^= — j R lmpq R lmpg yj\g\d»x = 2V t V k R - 4V'Vi R lk 



— 4:RilR k + 4:R lm Rlimk — 2 9ikRlmpqR lmPq + 2Ru mp R k mP (18) 

for variational derivatives of the expressions that are quadratic in the curva- 
ture (see [US!), we can obtain (see [T3] ) 

E il =» 1 ,-A Ii+ %=2 Cl ,C-f^-(M% (19) 
for arbitrary N, where 



(3)fT 4 r plm | 2(iV-3) 

j\T _ 2 fiV — 2) 2 



2RuR k — — — - -R-Rjfc 



iV 
7V~ 1 

g ik [R lm R lm - ^ N + _ 2 R 2 



(20) 



In the conformally flat case (C^ m = 0), the tensor is covariantly 

conserved, which follows from p9p for N ^ 4 and can be directly verified 
for N = A. The tensor ^ii/ifc proposed in ^3] generalizes the corresponding 
tensor introduced in ^H] for the conformally flat four-dimensional case. 

As N — > 4, the product E ik T(2 — (N/2)) has a finite limit for an arbitrary 
space-time metric because in the analitic continuation with respect to the 
dimension, the dependence of the expressions on iV is assumed to be given 
by a rational function, E ik = at N = 4, and the Gamma function has a 
first-order pole at zero. Therefore, the first term in the square brackets in 
the right-hand side of p2j) is always finite as iV — > 4. If this term is not 
subtracted in renormalization the EMT, then the vacuum EMT is finite as 
N — > 4, but the effective action then remains divergent, and the expression 
for the anomalous trace of the vacuum EMT is differnt from the standard 
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one. Under an additional finite renormalization of the coefficient at R 2 in 
L e ff (see a discussion of this point in Sec. 6.3 in 0), the anomalous trace 
can be made vanishing for the conformal scalar field in the conformally flat 
space. This occurs, e.g., in where the time-dependent normal order- 
ing of operators was used to obtain finite values of the vacuum EMT in a 
homogeneous isotropic space for the conformal scalar field. 

In what follows, in accordance with standard approach, we keep the term 
with in ([12)1 . In the conformally flat case, in particular, in a homoge- 
neous isotropic space-time, taking the equalities C ik i m = 0, W ik = and (fE?|) 
into account, we obtain the following expression for the term T^ e [2] that is 
subtracted from the vacuum EMT in the effective action method: 



m N -i {4irM 2 \ £ \ - {3) H lk / N , 

r 4 — + 



(4^)^/2 ^ m 



2 



90(iV-3) V 2 



/ r(4-f ) r(3-f 
+ (4^ + A ^iM) +(A ° 2r(2 




(21^ 



3. Scalar field in the homogeneous isotropic 
space 

The metric of the iV-dimensional homogeneous isotropic space can be 
written as 

d s 2 = g ik dx i dx k = a 2 {ri) (drj 2 - dl 2 ) , (22) 

where dl 2 = 7 Q/ g dx a dx^ is the metric of the (N — l)-dimensional space of 
constant curvature K = 0, ±1. The complete set of solutions of Eq. ((*[)) in 
metric (1221) can be found in the form 



where 



^( x ) = a-( JV - 2 )/ 2 (r ? )^(r / )$ J (x), (23) 

g'l(r ] ) + n 2 (r ] )g x ( V )=0, (24) 
n 2 ( v ) = m 2 a 2 + A 2 - A£ a 2 R , (25) 

A^ Qjfr) = - ^A 2 - (^t^) 2 Kj *j(x) , (26) 

the prime denotes the derivative with respect to the conformal time rj, and 
J is a set of indices (quantum numbers) that label the eigenfunctions of 
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the Laplace-Beltrami operator Ajv-i in the (N — l)-dimensional space. The 
nonnegativity of the eigenvalues of the operator — Ajv-i implies the inequality 
A 2 — ((N — 2)/2) 2 K>0. 

In according with the Hamiltonian diagonalization method pQ (see ^B] 
for the case of an arbitrary £), the function g\{rf) must satisfy the initial 
conditions 

9\(Vo) = iM(va) 9x(vo) , \9x(Vo)\ = ^=== ■ ( 27 ) 

For quantizing, we expand the field (p(x) with respect to the complete set 
of solutions of Eq. (J23|) 



(28) 



where 



a -(N-2)/2^ 

V2 



(29) 



and impose the commutation relations 



' (-) *(+) 
dj , cij. 



*(-) (+) 

a j 5 a j' 



8jj> 



a j \ a j, 



*(±) *(±) 
a j j a j' 



. (30) 



It is convenient to express the EMT expectation values for the vacuum |0) 
annihilated by the operators aj , a}j in terms of the bilinear combinations 
of the functions g\ and g\, 

b ~ 40 2' U 



& \9x\ 2 - Wx\ 



I 12 



V 



2 2dr] ' 

which in accordance with (J23j) satisfy the system of differential equations 



(31) 



b ~ 2n u ' u ~ o 



(1 + 25) - 2 OF , V' = 2QU. 



(32) 



Recalling the initial conditions S(r)o ) = U(r] ) = V(t}q) = following 
from ()27jl . the Eqs. fl32(l can be rewritten as a system of the Volterra in- 
tegral equations 



U{r}) + iV (77) = / wfa) (1 + 25(77i)) exp[2i 6(771,17)] tfyi , (33) 
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1 rv 



S(r,) = -\ dm win) I w(r ]2 )(l + 2S(r ]2 )) C os[2Q( V2 ,r ]l )}dr ]2 , (34) 



where 



w{rj) 



a in) 



VL{rj) drj . 



Substituting expression (|28|) in (jHJ) and using (J30|) . (}3T|) and formulas 
(1A.1J) - (|A.4J) (see Appendix A), we obtain the (divergent) expressions for the 
vacuum expectations of the EMT, 

B N 



(0|T ifc |0) 



,JV-2 



(35) 



where Bn 
given by 



-l 



2 JV -3 7 r( JV - 1 )/ 2 r((iV-l)/2) and "spectral densities" r ik are 



T 00 = n[S+-)+A^(N-l) 



cV+ c '+(jV-2)c 2 )- (S + -U + 



T a f3 = la/3 



X 2 



A£ 



(N-i)n 

(N-l)c'+ (N-2)K^ ' 



S 



Q 2 -X 2 
2(N-l)tt 



U 



(36) 
(37) 



n 



S+ 2 U+ 2 



2QU-(N-l)cV 



and c = a' /a. The integration measure in (|35p in the four- dimensional 
space-time is (see jT]) 



dfi(X) . . . 



In the A^-dimensional case, 



A=l 



d\\ 2 ..., K = 0,-1 
K = l. 



(38) 



dXf{X)2B 



-i 

A 7 " 



where the function /(A) is defined in f)A.l|) and can be written in the respec- 
tive forms (jA.6|) and (|A.8|) in quasi-Euclidean (K = 0) and spherical (K = 1) 
cases. 

We note that the expressions for the vacuum expectation of the EMT 
given in [7| are valid only for N = A, whereas they are evaluated in PQ for the 
vacuum state that does not correspond to the Hamiltonian diagonalization 
method (for £ ^ £ c and Rj^O). 
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4. The n-wave procedure 

The n-wave prosedure proposed in [5] is often used to calculate the 
renormalized vacuum EMT in homogeneous isotropic spaces. In the quasi- 
Euclidean (K = 0) case, the procedure is as follows. If the vacuum expecta- 
tions of some operator A bilinear in the field are expressed as 

(0\A\0) = J a(X,m)d\, (39) 

the corresponding renormalized value is then obtained by regularizing the 
contribution of each mode (i.e., of the integrand with a given A). For this, 
the replacements A — > nX and m — > nm are made, and the terms of the 
1/n-asymptotic expansion (n — > oo) that make integral (|39|) divergent are 
subtracted from a(X,m). This procedure corresponds to subtraction of the 
contribution of the so-called n-waves (see jS] and Sec. 2.2 in 1] for more de- 
tails). This method for eliminating divergences is equivalent to the adiabatic 
regularization method based on introducing the adiabaticity parameter for 
the metric variation and on subtracting the first terms of the asymptotic 
expansion of a(A,m) in inverse powers of this parameter in (}3*9"j) (see 0). 

In applying the n-wave procedure in the case of a spherical (K = 1) and 
a hyperbolic (K = —1) iV-dimensional space-time, it is necessery to take 
into account the difference of the measure in (|35j) from the quasi-Euclidean 
case. Writing the integration measure as dfj,(X) = a (A) dX, we take the 
generalization of the n-wave procedure to the iV-dimensional homogeneous 
isotropic space-time to be given by the expression 

,a m -a 

T ik dfJL(X)- V / X N 2 a ik [l}dX , 

t^n JO 



(0| T ik \0) ren = - w - lim 



1=0 



(40) 



where 

1 d l ( T ik (nX,nm)a(nX) \ 

a * k[l] = n J^c o(^y { n»-w-* ) ■ (41) 

In the four-dimensional case, this generalization coincides with the standard 
definition of the n-wave procedure. The function cr(A) accounts for the dif- 
ference of the integration measure from A^ -2 dX for K ^ and N ^ 4. 

We now find the explicit form of an.[l]. For this, we expand S,U, and 
V (see (131(0 in inverse powers of n and replace A — > nX and m — > nm with 
n — > oo: 

oo 

s = ^n~ k s k , ... 

k=l 
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Using consecutive iterations in integral equations and the station- 

ary phase method, we obtain the first nonzero terms of the expansions, 



V X = W, U 2 = DW, S 2 = -W 2 , V 3 = -W 3 -D 2 W-^-d(^ 

4 2 2 W 



U d = -W 2 DW - D 3 W - D (~ d( ^ 



2u 2 



s 4 = A w 4 + ~ (zw) 2 - i wd 2 ^ - ~ wwz> (4) 

where 

q = A£a 2 R, oo = (m 2 a 2 + A 2 ) 1/2 , W 



2^ ' 



2uj dr] 



(42) 

(43) 
(44) 

(45) 



It must be note that in calculating the quantities Sk, £4, and 14, as in [I], 
[Ej, we neglect the terms depending on the initial time instant 770, i.e., 
restrict ourself to the case of counterterms that are local in the time 77. In 
particular, nonlocal terms are absent whenever it is assumed that the first 
2[N/2] derivatives of the scale factor a(rj) of the metric vanish at the initial 
time instant. 

We use (HH, (j2Z|), (02J)-(JIIJ) and in what follows set the measure cr(A) dX 
equal to 

er(A) = A^" 2 + a N X N ~ 4 + (3 N X N ~ 6 + . . . , (46) 

where a/v, /3jv> • • • are the functions of N and K, which vanish at N = 4, to 
be determined below. As a result, we obtain the expressions for a^l] 

uj A 2 
«oo[0] = r 00 [0] = — , a a/3 [0] = T aj3 [0] = 7«/3 



2(N- l)u ' 

Oifc[l] = T ifc [l] + ^yT ifc [0] , Oifc[2] = rife [2] + ^yT ife [l] + ^jr ifc [0] 



where 



T, 



t 00 [1}=ujS 2 + A^(N-1) 
A 2 



/V — 2 
cV, + (c 2 - K) 



N-l 



m 2 a 2 
u 2uo 



U 2 + 



2u< 



4u 



(47) 
(48) 
(49) 



{N-l)cVt - 



2u(u 2 +^-) + -L(-^ a 2 R + (N-2) (c 2 {N-l) + K(N-3) 



2u< 



(50) 
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roo [2] 



UJ [ S4 + 

N — 



Q 



cV 3 + 



2uo 



16 to 4 
(c 2 - K) (S 2 



+ 



4w 2 

2 <* , \u- 



(51) 



4w ; 



^[2] = laf3 



1 



UJ 1 



N-l 
+ A£ 



q u 2 + q 



16 uj 4 



m 2 a 2 



2uo 



U 4 + 



Au 4 



+ 



(N-l)cV 3 -2u £4 + j4 

4 



^2 + 

or 



(52) 



1 



H 1 -4£a 2 R + (N-2) (c 2 (N -I) + K(N -3) 

2uj 



s 2 + -u 2 + ^ 

2 4cj 2 



These expressions exhaust all the subtractions in dimensions AT = 4, 5. Addi- 
tional counterterms occur for A^ > 6 (they are given in jTTj for the conformal 
scalar field with K = 0). 

The vacuum EMT renormalized in accordance with (|40|) is covari- 
antly conserved. This follows from Eqs. ()47p. ()48jl and the equalities 
V i (r ik /a N - 2 ) = and V i (r ik [l}/a N - 2 ) = 0, which can be verified using fl32J), 

dSZ|), 

To find the geometric structure of the n-wave procedure counterterms, we 
use dimensional regularization, setting, as in Sec. 2, N = N —2e, where e is a 
complex parameter. In calculating integrals in the dimensionally regularized 
counterterms 



B 



N 



,N-2 



(M) 2£ / \ N - 2 a ik>£ [l]d\ 
Jo 



<r" " Jo 

where Oifc ie [/] are defined as in (j4*7j) - (f5^j) with replacement A" 
use the equality 



x 



'l + x 2 )- p dx 



r(Y) r (p-¥ 

2V(p) 



(53) 

A" — 2e, we 



(54) 



and the analitic continuation of the expression in its right-hand side. The 
result for the zeroth counterterm coincides with (jHJ). Thus, both in the ef- 
fective action method and in the n-wave procedure, the zeroth subtraction 
corresponds to renormalization of the cosmo logical constant. 

With formulas (|B.4j) . (|B.9J) - (|B.12J) (see Appendix B) taken into account, 
the structure of the first and the second subtractions in the n-wave procedure 
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in a homogeneous isotropic space-time can be obtained by the respective 
additions of ATjfe )£ [l] and AT^p] to Q and (|2*T|). where 



AT^[1] 



AT ifci£ [2] 



m^" 2 /4vrM 2 \ £ 

I — ^— Afc[lJ 



2N -l n N /2 y m 



m 



( 4vr )iVo/2 ^ m 2 



A* [2] 



24 ttAr 



D ° o[1] " ( 3 ~^){ K+ {N Z 2)(N - 3)(N - A) J ' 
Da/3[1] " 7a/3 6(iV^T) r I 3 ~ yj F + (iV-2)(iV-3)(iV-4) 



Ax>[2] 



iV-2 
a 2 36 



{ [ r ( 4_ y) {N ~ A) ° 2 + Aer ( 3_ t) 6(iY_1 

24 a N 



(55) 

(56) 
(57) 
(58) 



r 4 



x UN — 2)K + (N — 6)c 2 
iV\ f (5N-8)K 2 



K + 



(N-2)(N-3)(N-A) 
h76/3 N 



+ 



10 



(JV-2)(iV-3)(JV-4)(iV-5)(JV-6) < 



, (59) 



a 2 36(N- 1) 



r(4-^)(iV-4)((5-iV) c 2 -2c') + 



+ A£V(3-—^ 6(N-1)({5-N)(N-2)K + (N-G) ((5-N)c 2 -2c' 

24 a N 




(N-2)(N-3)(N-A) 
2 5760 (3 N 



N\ (5-N)(5N- 
2] 10 



x 



X 



(JV-2)(iV-3)(JV-4)(iV-5)(JV-6)(5JV- 




(60) 



Therefore, for the geometric structure of the first and the second subtractions 
in the n-wave procedure and in the effective action method to coincide, it 
is necessery that the same equalities (jA.lOJ) . (jA.lljl that are obtained in 
Appendix A for integer values of A" and K = 0, 1 be satisfied for arbitrary N. 
For A" = 4, we have = (3^ = 0, which agrees with (|3~SJ). Thus, there 
exists a continuation with respect to the dimension of the integration measure 
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in the momentum space {A} such that the geometric structures of all the 
subtractions in the n-wave procedure for the four- dimensional homogeneous 
isotropic space-time and in the effective action method coincide. 

The evaluated counterterms have a purely geometric structure (see (JHJ), 
(JHJ), and and can be represented as variational derivatives of geometric 
quantities with respect to the metric. Therefore, a Lagrangian for the grav- 
itational field can be constructed such that adding these counterterms leads 
to a renormalization of its parameters (see a discussion of this approach in 
Sec. 6.11 in and also in Sec. 6.1 in |2]). Because the counterterms contain 
expressions that are quadratic in the curvature, such a bare gravitational La- 
grangian obviously does not coincide with the standard Einstein Lagrangian. 
The existence of expressions quadratic in the curvature indicates that quanti- 
zation of fields in curved space inevitably involves going beyond the Einstein 
theory of gravity (Sec. 8.4 in PQ) The values of the renormalized constants 
must be determined experimentally, and as indicated, e.g., in jT], it is possible 
that the renormalized constants at the quadratic terms are equal to zero. 

Using formulas (IK1). ©, (I2TJ) . and 

TDlmpq-n a d Im p i d2 r~i silmpq 4(iV 3) / T)lm N R 

-K mmpq — ^K Ki m + K — L-impgL- r ]V — 2 \ lm _ 4(jV 1) 

(61) 

we can draw the next conclusion. The first three n-wave procedure sub- 
tractions in the iV-dimensional homogeneous isotropic space-time correspond 
to a renormalization of the cosmological and gravitational constants and of 
the parameters at the terms in the bare gravitational Lagrangian that are 
quadratic in the curvature and have the form 



Lgr,e ~ V \9 



16vrG £ v s V 4(iV 



(R - 2A £ ) + a £ ( R! k R lk - -J^—r )+f3 £ R 



■ (62) 



For the conformal scalar field (£ = £ c ), the parameters G £ and (3 e have a 
finite renormalization as iV — > 4 (see and ()21}0 . But as iV — * 4, the 
renormalization of the parameter a e in accordance with (J12)) . (J14)) . and (J61j) 
is infinite (~ (iV — 4) _1 ) for any value of the coupling constant £ of the scalar 
field to the curvature. 
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5. Conclusions 

We have investigated the geometric structure of counterterms of the 
vacuum EMT of a scalar field with an arbitrary coupling to the curvature 
in the iV-dimensional homogeneous isotropic spase-time. The obtained for- 
mulas ()35| ) -([37 p determine nonrenormalized expectations of the EMT of a 
complex scalar field with an arbitrary coupling to the curvature, taken in the 
vacuum determined by the Hamiltonian diagonalization method |18j . The 
geometric structure of counterterms were determined in the effective action 
method for the iV-dimensional homogeneous isotropic space (see (jHJ), ©, and 
(|2TjO . We have generalized the n-wave procedure to homogeneous isotropic 
iV-dimensional spaces and determined the corresponding counterterms (j37j)- 
(p)2|) . We have found the properties (see ()A.2j) - (jA.4jO of eigenfunctions of 
the Laplace-Beltrami operator in higher-dimensional homogeneous isotropic 
spaces, which are necessary for calculating the vacuum EMT. The geometric 
structure of counterterms in the n-wave procedure has been analyzed using 
dimensional regularization. We have found an analitic continuation with re- 
spect to the dimension of the integration measure in the momentum space 
(see (Hill), (jA.10)) . and (|A.11|) ). We have shown the coincidence of the geomet- 
ric structures of the first three subtraction in the n-wave procedure and in 
the effective action method. We have shown that the first three subtractions 
(which exhaust all subtractions in dimensions N = 4,5) of the n-wave pro- 
cedure in the A^-dimensional homogeneous isotropic space-time correspond 
to renormalization of the cosmological and gravitational constants and of 
the parameters at the terms in the bare gravitational Lagrangian that are 
quadratic in the curvature 

Comparison of the n-wave procedure subtractions (|4Tj) - (|52j) for A^ = 4 
with the counterterms in the adiabatic regularization method, given in j^j, 
demonstrates the equivalence of these methods for eliminating divergences. 
Therefore, conclusions regarding the geometric structure of subtractions ob- 
tained in this work for the n-wave procedure in a four-dimensional homo- 
geneous isotropic space-time are also valid in the adiabatic regularization 
method. 

Appendix A 

We give some properties of the complete orthonormal set of the eigenfunc- 
tions $j(x) of the Laplace-Beltrami operator An-i in an (N— 1) -dimensional 
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space with the metric dl 2 = ■y a/ 3dx a dx 13 of constant curvature K = 0, ±1. 
These properties are used to calculate the vacuum expectations of the EMT. 
We set 

/(A) = E IM*)l a , (a- 1 ) 

J (A— const) 

where A is defined in f!26|) and where summation is replaced with integra- 
tion for continuous J. In the case of a homogeneous isotropic space, the 
function /(A) is independent of x. Applying the operator Ajv-i to (jA.lj) and 
taking (j2Uj) into account, we obtain 

E 7 Q/3 <9 Q $}(x) d p Qj(x) = (A 2 - (^)^) /(A) • (A.2) 

,/ (A— const) 

From the space isotropy condition with (jA.2|) taken into account, we obtain 
E ^}(^)^(^) = ^(A 2 -(^) 2 ^)/(A). (A.3) 

t/ ( A=const) 

Applying the covariant derivatives V a V/? in the (N — 1) -dimensional space 
to (jA.lj) and recalling (jA.3jl . we obtain 

E [(V V^) *J + ^V^j] = - §^ (A 2 -(^) V) /(A) . (A.4) 

t/ (A=const) 



In the quasi-Euclidean case (K = 0) in Cartesian coordinates, 

$j(x) = (27r)-( Ar - 1 )/ 2 exp(-2A a x a ) , (A.5) 

where — oo < A Q < +oo . Integrating over the sphere of radious A in the 
(N — l)-dimensional space of "dimensionless momenta" {A a } gives 

/(A) = ^A^ 2 , K = 0, (A.6) 

where B N is defined in Sec. 3. 

In the case where K — 1 (spherical space) for a fixed A, the set of the 
indices J is finite, and the volum of the (N — l)-dimensional space is given 
by Sjv(1), t ne surface area of the unit sphere in the A^-dimensional space. 
Therefore, 

/(A) = / (E $}(x)$ j (x)) v ^^- 1 x, 

v / J (A — const) 
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where 7 = det(7 Q , j a). Changing the order of the summation and integration 
operations and recalling that $j(x) are orthonormalized, we obtain 



/(A)=dimA/SW(l) 



(A.7) 



where dim A is the multiplicity of the eigenvalue A 2 — ((N — 2)/2) 2 of the 
operator — Ajv_j. Using the relation expressing the multiplicity of the eigen- 
values of the Laplace-Beltrami operator on the sphere through the dimension 
of the space of harmonic polynomials (see, e.g., pOj), we obtain the formula 



, m _ B N T(n + N-2) 
i[X) ~— T(n + 1) 



A 



n = 0, 1, . . . , A = n + 



N -2 



(A.8) 



For an arbitrary N and K = 0,1, expressions (jA.6|) and (jA.8|) can be written 

as 



/(A) 



B 



N (\ N - 2 + a N \ N ~* + P N X N ~ 6 + ...) 



where 



a N = --(N-2)(N-3)(N-A)K, 



(A.9) 



(A.10) 



N 



(N - 2)(JV - 3)(JV -A)(N- 5)(N - 6)(5N - 8) K 2 . (A.ll) 
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Appendix B 

We give expressions for some geometric quantities in the A^-dimensional 
homogeneous isotropic space-time with metric 
The nonzero Christoffel symbols are 



r° =- = c 

00 " a ~ ° 



= c&% , T% = c laP , T%(g ik ) = r^( T ^) . (B.l) 



The nonzero Ricci tensor components and the scalar curvature are 



R 



00 



(iV-l)c', R aP = -j aP c' + (N-2)(c 2 + K) 



R = a ~ 2 (N - 1) [2c' + (N- 2)(c 2 + K) 
The Einstein tensor components are 



(B.2) 
(B.3) 



G, 



00 



(JV-l)(iV-2) 



c 2 + K), G aP = laP {N-2) 



c' + 



^(c 2 + K) 



(B.4) 



18 



Using Eqs. ([B.l[) - ([B.3J) . we obtain the square of the Ricci tensor and the 
second derivatives in the form: 

Ri m R lm = a" 4 (JV - 1) [Nc 1 2 + 2(N- 2) c'(c 2 + K) + (JV - 2) 2 (c 2 + K) 2 ] , 

(B.5) 

V V i? = a" 2 2{N - 1) [c (3) + (JV - 7) d'c + (JV - 4) d 2 - 

- 6(iV - 3) c'c 2 + 3(JV - 2)c 4 + if(JV - 2) (3c 2 - c')l , (B.6) 

V a V /3j R = 7 a/3 a- 2 2(A^-l) f-c"c - (iV-4)c'c 2 + (A^-2)c 2 (c 2 + K)] , (B.7) 



V' ViR = a" 4 2( JV - 1) [ c (3) + 2(N - 4) d'c + (JV - 4) c' 2 + 
+ (JV 2 - ION + 20) c'c 2 - (JV - 2)((JV - 4)c 2 + d) (c 2 + K)] . (B.8) 

Using (IB~2l . (IB~3ll . (IB31) - (lB~8j) . we obtain the components and {3) H ik 

(see (H3), d23>) as 



oo 



(JV-1) 2 



2c' 2 -4c /, c-4(JV-4)c'c 2 (JV-2)(JV-10) - 



K(JV - 2) ( + (JV — 6)c 2 



(B.9) 



i^H aP = 7 Q/3 a" 2 (JV - 1) |4c {3) + 4 (2JV — 9) d'c + 2 (3JV - 11) c' 2 + 



6 (JV 2 - 10JV + 20) c'c 2 + - (JV - 2)(JV 2 - 15JV + 50) c 4 + 



+ K(N-2) 



(JV-5)(JV-6)c 2 + 2(JV-6)c' + -{N-2){N-h)K 



(3) #oo = a" 2 2- x (JV - 1)(JV - 2)(JV - 3) (c 2 + Kf 



, (B.10) 
(B.H) 



{3) H aP = - laP a~ 2 2-\N - 2)(JV - 3) [4c'(c 2 + K) + (JV - 5) (c 2 + JV) 

(B.12) 
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